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Abstract 



In this paper, we extend the following result for n < 2 by F. Dillen to 
n < 3: if / is a polynomial of degree larger than two in n < 3 vari- 
Cu ables such that the Hessian determinant is constant, then after a suitable 

P linear transformation the Hessian matrix of / becomes zero below the 

^J anti-diagonal. The result does not hold for larger n. 

The proof of the case defHf G K* is based on the following result, 
which in turn is based on the already known case defHf = 0: if / is a 
polynomial in n < 3 variables such that defHf 7^ 0, then after a suitable 
linear transformation, there exists a positive weight function w on the 
variables such that the Hessian determinant of the tii-leading part of / is 
\ j^ nonzero. This result does not hold for larger n either, even if we allow 

• any nontrivial w. 

^«^ As a consequence, we prove that the Jacobian conjecture holds for 

gradient maps of Keller type in dimension n < 3, and that such gradient 
maps have linearly triangularizable and hence unipotent Jacobians in case 
• • their linear part is the identity map. 

^ In the last section, we show that the Jacobian conjecture holds for 

Kj^ gradient maps over the reals whose linear part is the identity map, by 

% , proving that corresponding Keller maps are translations. We do this by 

C^ showing that this problem is equivalent to the main result of |Pog| , which 

we generalize to arbitrary fields of characteristic zero in dimension n < 3. 
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degree, anisotropic quadratic form. 
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1 Introduction 

There are some very old papers devoted to the study of constant polynomial 
Hessian determinants in some manner. Perhaps the oldest is an article of Paul 
Gordan and Max Nother about homogeneous polynomials with Hessian determi- 
nant zero |GN| . This is the only interesting case for homogeneous polynomials, 
because if a homogeneous polynomial h G C[x] = K[xi,X2, ■ ■ • ,a;„] has a con- 
stant nonzero Hessian determinant, then h is a quadratic form, and basic linear 
algebra can subsequently be used to show that /i is a polynomial in n — 1 (or 
less) linear forms over C However, in jGNj . the authors show that a similar 
result holds when n < 4 and /i is a homogeneous polynomial of any degree d 
whatsoever, and give counterexamples for all n > 5 and all d> 3. In [dBvdEl] . 
A. van den Essen and the author classify all polynomials h e K[xi, X2, ■ ■ • , Xn] 
with n < 3, such that the Hessian determinant of h is zero, using techniques of 
|GN| . We shall use these results to prove ours. 

In 1939 in [Kel| . O. Keller formulated a question about constant nonzero 
Jacobian determinants, which is known as Keller's problem or the Jacobian 
conjecture. The Jacobian conjecture asserts that if _F is a polynomial map over 
C such that detJ^F is a nonzero constant, then F is invertible. Since Hessians 
are Jacobians of gradient maps, we can ask ourselves whether the Jacobian 
conjecture holds for gradient maps. This was done in jvdE W| . and not very 
long afterwards, it was shown that the Jacobian conjecture for gradient maps 
is equivalent to the Jacobian conjecture, in |dBvdE2] and independently also 
in |Menj . More precisely, the Jacobian conjecture in dimension n follows from 
the Jacobian conjecture for gradient maps in dimension 2n. Hence the Jacobian 
conjecture is about constant polynomial Hessian determinants after all. We 
shall show that the Jacobian conjecture holds for gradient maps in dimension 
three. 

Furthermore, we shall show that the Jacobian conjecture holds for real gra- 
dient maps in all dimensions, provided the linear part is equal to the identity 
map, using results that are described below. In 1954, K. Jorgens proved in 
|J5rj that functions from M^ to M which are twice continuously differentiable 
and whose Hessian determinant equals one on each point are in fact quadratic 
polynomials. Four years later, this result was extended to M.^ and M"' by E. 
Calabi in |Cal) , but with the extra condition that the Hessian matrix is positive 
definite everywhere. The polynomial 

/ = gixi + xs) - \xl - 5X2 + 5X3 H + Ixl 

shows that an extra condition is required. An extension to arbitrary dimension 
was proved by A.V. Pogorelov in 1972 in |Pog| , using a lemma of [Calj . In section 
|4] we shall extend this result in dimensions n < 3 by showing that a polynomial 
in at most three indeterminates whose Hessian determinant is constant is a 
quadratic polynomial in case its quadratic part does not vanish on i^", where 
K is the base field of characteristic zero. 

In 1991, F. Dillen classified all polynomials in two indeterminates over a field 
of characteristic zero with constant Hessian determinant in IDill . and showed 



that the Jacobian conjecture holds for gradient maps in dimension two. The key 
point of Dillen's classification is the following: if the degree of the polynomial 
is larger than two, then after a suitable linear transformation, the lower right 
corner of the Hessian matrix becomes zero. Our main result in section [2] is a 
similar result in dimension three, namely that after a suitable linear transfor- 
mation, every entry below the anti-diagonal becomes zero, provided the degree 
of the polynomial is larger than two. This result does not hold in dimensions 
larger than three and neither for quadratic polynomials over M. 

The linear transformation that is meant is a matrix T e GLn{K), and 
instead of looking at the Hessian of a polynomial / S K[x\ = K[xi, X2, ■ ■ ■ , Xn] 
itself, we look at the Hessian of f{Tx), where Tx can be seen as a matrix product 
of the matrix T and the vector x. Taking the Jacobian matrix, denoted by J^^ 
of f(Tx), we obtain by the chain rule that 

Jf{Tx)^iJf)U^T.-T 

where \x=g stands for substituting x by g. Since the gradient vector, denoted 
by V, is the transpose of the Jacobian of a single polynomial, we obtain 

v/(rx) = T*-(v/)U=T. (1) 

where ' stands for taking the transpose. Subsequently, we can take the Jacobian 
of (fTl), which is the Hessian, denoted by "H, of f{Tx), and again by the chain 
rule, we obtain 

nf{Tx) = T'-{nf)U=Tx-T (2) 

Now that we know how linear transformations work, we are able to see that 
Dillen's result cannot be extended to dimension four. Take for instance 

f ^ {Xi + X2)xs, + {X2 + {Xi + X2f)Xi (3) 

Then the cubic part of / is equal to x\x^ +x\xi, and the rows of its Hessian are 
independent over C. Therefore, if we could obtain by way of a transformation 
that the Hessian of / became zero below the anti-diagonal, the lower left corner 
of the Hessian of / would become non-constant. This however contradicts that 
the Hessian determinant is a nonzero constant. The polynomial / in (|3| was 
made by applying the gradient reduction of the Jacobian conjecture on the 
planar invertible map F — {xi + x"^, X2 + (a^i + x'^Y'). 

2 Results and proof of main result 

First, we formulate our main result. At the end of this section, we will derive 
the main result from other result in this section. 

Theorem 2.1 (Main result). Let K be a field of characteristic zero and suppose 
that f G K[x\ = K[xi, X2, ■ ■ ■ , x„] is a polynomial of degree d, such that defHf £ 
K. 



i) If there exists aT E GLn{K) such that all entries below the anti-diagonal 
of the Hessian of f{Tx) are zero, then V/ satisfies the Jacobian conjecture. 

ii) If 2 < n < 3 < d, then a T as in i) exists. In particular, the quadratic 
part of f vanishes somewhere on K"- \ {0}", namely on the last column of 
T. 

Hi) If d = 2 < n < 3, then a T as in i) exists, if and only if the quadratic part 
of f vanishes somewhere on K"' \ {0}". 

iv) IfVf has linear part x and a T as in i) exists, then 

T-\T')-^n{f{Tx)) = j{T-\Wf%=Tx) =T-\nf)\,=T.T 
is lower triangular, i.e. all entries above the diagonal are zero. 

The following corollary shows that the Jacobian conjecture holds for gradient 
maps in dimension three. 

Corollary 2.2. Assume F is a Keller map with .symmetric Jacobian over a field 
of characteristic zero in dimension n < 3. Then F is invertible. If additionally 
the linear part of F is the identity map, then J^F is linearly triangularizable 
over K and hence unipotent. Furthermore, K" contains a nontrivial isotropic 
vector, i.e. a vector v .such that v^v = 0, if additionally degF > 2. 

Proof. The cases n = 1 and degi^ — 1 are trivial, so let degF > 2 < n < 3. By 
Poincare's lemma, we have F = V/ for some / S K[x]. Hence by i) and ii) of 



theorem 2.1 F is invertible. If the linear part of F is the identity map, then the 



quadratic part of / is ^(ccf + • • • + x^) and -ftT" has a nonzero isotropic vector 



on account of ii) of theorem 2.1 Furthermore, J^F is linearly triangularizable 



over K on account of iv) of theorem 2.1 D 



In order to prove our main theorem, we use the following theorem, which we 
prove in section [31 

Theorem 2.3. Let K be a field of characteristic zero and suppose that f G 
K[x\ = K[xi,X2, . . . ,Xn], such that detHf ^0. If n < 3, then there exists a 
T G Ghn{K) and a weight function < w{xi) < w{x2) < • • • < w{xn) such that 
the Hessian determinant of the w-leading part of f{Tx) is nonzero. 

Here, the w-leading part of a polynomial g consists of terms cx^^x^^ ■ ■ ■ x'^" of 
g for which aiw(xi) + a2w{x2) + • • • + a„u'(a;„) is maximum among those terms 
with c^O. 

The below example shows that the above theorem cannot be extended to 
dimensions larger than three. 

Example 2.4. Let n > 4 and 

/ := a:;iX2 + txixj + {x2 + xixsf + x^{l + X4) + {xl -\ h a;"+^) 



Then defH/ = tg, where 

5 = -io (" + 1)K" + 2y-4ix2 + xiX3)xl ---xle l\x\ \ {0} 

In particular, 

detH(/|t=o) = ^ 5 = dctH(/|t=i) 

Consequently, for each T e GL„(C) and each {w{x\),w{x-2), . . . ,w(xnf) & 
M" \ {0}", the w-leading part of f{Tx)\t=o has Hessian determinant zero. We 
will show in section [s] that the same holds for /(ra;)|t=i, although its Hessian 
determinant is nonzero. Hence the condition n < 3 in theorem |2.3| is necessary. 
This example was inspired by formula (9) in jdBvdEll Th. 3.5], and /(a;)|f=o 
is of the form of this formula in dimension n = 4. 

As announced, we will use results of |dBvdEl] in our proof. These results are 
used in the proof of theorem |2.3[ and are as follows. 



Theorem 2.5. Let K be a field of characteristic zero and suppose that f € 
K[x] — K[xi, X2, . . . , Xn] has no terms of degree less than two, such that defHf = 



0. If n < 3, then there exists aT £ Ghn{K) as in i) of theorem 2.1. 

i) If n — 2, then f G K[li\ for some linear form li G iir[a;]. 

ii) If n — 3, then either f G K[li,l2\ for some linear forms li,l2 G if[a;], 
or f — gi{li)xi + g2{li)x2 + g3{h)x3 for some linear form li G K[x] and 
polynomials gi, g2T gs € iir[a;i]. Furthermore, the leading homogeneous part 
of f is of the form Zj^°® I4 for some linear form I4 G K[x] in the latter 
case. 

Proof. Since there is nothing to be done when n = 1, the cases n = 2 and n = 3 
remain. 

i) Asssume that n = 2. |dBvdEl[ Th. 3.1] tells us that there exist a T G 
GL„(X) such that T-'^f{Tx) G K[xi]. Hence T is as in i) of theorem [21 
and we can take / = T^^x. 

ii) Assume that n = 3. jdBvdEll Th. 3.3] tells us that there exist a T G 
GL„(i^) such that T-'^fiTx) G K[xi,X2] or T~^f{Tx) is of the form 
ai{xi) + a2{ xi)x2 + a2(a;3)a;3 for polynomials ai, 02, 03. Again, T is as in 



i) of theorem 2.1 and we can take / = T ^x. Then / = ai(/i) +02(^1)^2 
a'i{li)h in case / ^ K[li,l2]. 

Since /, 02(^1)^2 and a3(/i)/3 have no constant terms, we see that li \ 
ai{li), and we get that / = hi{li)li + 62(^1)^2 + ^3(^1)^3 for polynomials 
61 , 62 7 &3 • But each of the linear forms Zi , ^2 , ^3 is a linear combination 
of a;i,a;2,X3, whence / = gi{li)xi + g2{li)x2 + 93{h)x3 for polynomials 
31,52,53- 

If ci , C2 , C3 are the coefficients of degree deg / — 1 of 51 , 52 , 53 respectively, 
then the leading homogeneous part of / is equal to 1^°^^^ [ciXi + C2X2 + 
C3X3), which is as given with I4 — c\Xi + C2X2 + c^x^. D 



The case n < 3 of theorem 2.6 below is needed to complete the proof of it) of 
our main theorem. The general case might still be interesting, e.g. because it 

is 



is used to prove i) of corollary 2.7 which follows theorem 2.6 Theorem 2.6 
proved in section [3] 

Theorem 2.6. Let K be a field of characteristic zero and suppose that f € 
K[x] = K[xi,X2, ■ ■ ■ ,Xn], such that there exists a T (^ GL„(ii') and a weight 
function w{xi) < w{x2) < • • ■ < w{x„), for which the Hessian determinant of 
the w-leading part of f{Tx) has a nontrivial constant term. Then the weighted 
degree of f with respect to w is w{xi) + w{xn+i-i) for each i < n. 

Furthermore, if additionally < w{xi), and either K is algebraically closed 
or 



then T can be chosen as in i) of theorem 2.1: i.e. all entries below the anti- 
diagonal of the Hessian of f{Tx) are zero. 

Corollary 2.7. Let K be a field of characteristic zero and suppose that f G 
K[x\ — K[xi, X2, . . • , Xn] and T G GL„(if ). 

i) If there exists a weight function < w{xi) < w{x2) < ■ ■ ■ < w(a;„), 
for which the Hessian determinant of the w-leading part of f{Tx) has a 
nontrivial constant term, then T is as in i) of theorem \2.1\ i.e. all entries 
below the anti-diagonal of the Hessian of f{Tx) are zero. 

ii) If det Hf € K* and T can be chosen as in i), then the Hessian determinant 
of the w-leading part of f[Tx) is nonzero in case d > deg/ and 

r d'-i tfi<n/2 + l, 

w(x,)-<^ dr"/2l-i+rfL«/2j _rfn-« ifi>n/2 + l, 

for each i < n. Furthermore, we have < w{xi) < w{x2) < ■ ■ ■ < w{xn) 
and the Hessian of the w-leading part of f{Tx) is anti-diagonal. 

Proof. 

i) Suppose that a w as given exists. On account of theorem |2.6[ the weighted 
degree of f{Tx) with respect to w is w(xi) + w{xn+i-i) < w{xi) + ^(a:^) 
when l<n-\-l — i<j<n. Hence the entries (i, j) of T-Lf{Tx) below the 
anti-diagonal have negative degrees with respect to w. Since w(xi) > 
for all i, all entries below the anti-diagonal of the Hessian of f{Tx) are 
zero. 

ii) Notice first that by construction, w{xi) — (irn/2l-i_|_(jL"/2j _c?"-* for each 
i > n/2, and that < w{xi) < w{x2) < ■ ■ ■ < w{xn) and 

Wix,) + w{Xn+l-^) = d^""/^^-' + dL"/2j 

for each i < n. Since detHf{Tx) G K* , all anti-diagonal entries of 
'Hf{Tx) are nonzero constants by assumption on T, and the weighted 
degree of f(Tx) with respect to w is at least dl^"/^^^-^ -|- (il-"/^J . 



Let i be a term of f{Tx). If t is not divisible by Xi for some i > n/2, then 
the weighted degree of t with respect to w is at most that of xf^,2 1 ' which 
is d- dL"/2J~i = dL»V2j _ Thus the weighted degree of t with respect to w is 
not enough for the w-leading part of f{Tx) in this case. So assume that 
t is divisible by Xi for some i > n/2. 

If t is divisible by XiXn+i-i, then the weighted degree of t with respect to 
w is at least w{xi) + w{xn+i-i)- Since all anti-diagonal entries of HfiTx) 
are nonzero constants, t — cXiXn+i-i for some c G K* in this case, and 
either the entries {i,n + 1 — i) ^ {n + 1 — i,i) on the anti-diagonal of 
T-Lf{Tx) are c or the entry (i, n + 1 — i) = (n + 1 — i, i) on the anti-diagonal 
of nf{Tx) is 2c. 

If t is not divisible by XiX^+i-i, then the weighted degree of t with respect 
to w at most that of XiX^Z.i, which is less than d ■ w{xn~i) + w{xi) = 
w{xn+i-i) + w{xi) because n — i < n/2. Thus the weighted degree of t 
with respect to w is not enough for the w-leading part of f{Tx) in this 
case. Hence exactly the terms cxiX„+i-i of f{Tx) contribute to the w- 
leading part of f(Tx), which has weighted degree (ir"/2l-i _|_ cjL"/2j _ with 
respect to w. This gives the desired results. D 



Proof of theorem 2. 1 



i) There is nothing to prove when detHf = 0, so assume detHf G K* . 
Let g be the quadratic part of / and K be the algebraic closure of K. 
Then defUg = defH/ G K* and there exists a T* G GLn{K), such that 
g(T*x) = ^{xl + X2 + ■ ■ ■ + x"^). Since g(T*x) is the quadratic part of 
fiT*x), the linear part of V(/(r*2;)) is equal to x, and V(/(T*x)) is 



invertible over K on account of iv) of theorem 2.1 By (llj), the inverse of 
V/ over K is 



-*(w{f{T*x)y 



= {T-Yx 

By |vdEi Prop. 1.1.7], V/ is invertible over K as well. 

ii) Suppose that 2 < n < 'd < d. The case detHf — follows from theorem 
\2.5\ so assume that det Hf 7^ 0. By theorem |2.3[ there exists a T G 
Ghn{K) and a weight function < w{xi) < 'w{x2) < ■ • • < w{xn) such 
that the Hessian determinant of the lu-leading part of f(Tx) is nonzero. 
Since 

deg,^„,,j,...,,^„^,^^, fiTx) - deg/(rx) - d > 3 



it follows from theorem 2.6 that T can be chosen as in i). Hence f{Tx) 



has no term which is divisible by x^. This gives the desired result. 

iii) Suppose that rf = 2 < n < 3 and let g be the quadratic part of /. By 
rf = 2 we have HgiTx) = HfiTx). Notice that for each T G GL„(iC), 
g vanishes on the last column of T, if and only if the lower right corner 
of T-Lf(Tx) — Hg{Tx) is zero. This gives the case n = 2 and the 'only 
if '-part of the case n — 3. 




So assume that n = 3 and that g vanishes on the last column of T* G 
GL3{K). Then the coefficient of a;§ of g{Tx) is zero. Let c and c' be the 
coefficients of X1X3 and X2X3 of g{T*x) respectively. If c' — 0, then we 
can take T = T* . Otherwise, we can take 



rri ^ rri^ 



This gives the 'if '-part of the case n — 3. 

iv) Assume that V/ has linear part x and a T as in i) exists. Let 1 be the 
matrix of size n x n with ones on the anti-diagonal and zeroes elsewhere. 
Since the Jacobian of V f{Tx) is zero below the anti-diagonal, the Jaco- 
bian of l"V/(ra;) is zero above the diagonal. Hence there exists a lower 
triangular T* G GL„(i^) such that the linear part of T*l"V/(ra;) is equal 
to X and the Jacobian of T*\"W f{T*x) is lower triangular. Since V/ has 
linear part x as well and 

rn"v(/(r.T)) =r*i"r'(v/)U=T. 
it follows that r*i"r' = T-i. n 



3 Proofs of theorems 2.3 and 2.6 



Proof of theorem \2.3\ Let d — deg/. Then d > 2 because detHf ^ 0. Since 
the cases n — 1 and d — 2 are trivial, we assume that n > 2 and d > 3. Suppose 



that a T and a u; as in theorem 2.3 do not exist. Let / be the w-leading part 
of / and r be the (regular) degree of / with respect to X2- 

Assume first that < w{xi) — w[x2) = ■ ■ ■ = w{xn)- On account of ii) of 



theorem 



2.5 



/ is either a polynomial in K[li^ ^2] or of the form lf~^l4 for some 
linear forms /i, I4 € K[x]. By replacing / by f{Tx) for a suitable T e GL„(i^), 
we obtain / g K[xi,X2]- Now choose T such that / e K[xi,X2] and xi is a 
linear form which divides / at least as many times as any other linear form. 

So we may assume that < w{xi) < w{x2) = ■■■ — w{x3), that / has 
(regular) degree greater than two, and that Xi divides the leading homogeneous 
part of / at least as many times as any other linear form. In particular / € 
K[xi,X2] is degenerate, if and only if r = 0. We distinguish three cases. 

• r > 2. 

Notice that / e K\xi ,X2] is nondegenerate without terms of degree one. 



By i) of theorem 2.5 we have n = 3. Now increase w{x3) until / gets 
another term besides those it already has. If this fails, then / e K[xi,X2], 
which contradicts detHf 7^ 0. So we do get another term in /, and this 
term is divisible by X3. If we get c'xa as a term for some c' G K* ^ then 
/ — c'xs G K[xi,X2], which contradicts detHf ^ 0. If we do not get a 



term c'x^ for any c' € K* ^ then we get term of degree greater than one 
with X3. 

Since / G K[xi,X2] was nondegenerate with w{xi) < w{x2) ~ w{x^), f G 
K[xi,X2,X3] stays nondegenerate, but with w{xi) < w{x2) < w{x3). On 



account of ii) of theorem 2.5 / becomes of the form gi{li)xi + g2ih)x2 + 
g3{li)x3 with li a hnear form. Furthermore, the (regular) degree of 32 is 
larger than that of 33 , thus the leading homogeneous part of / stays the 
same. Since / still has (regular) degree greater than two and Xi divides 
the leading homogeneous part of / at least as many times as any other 
linear form, we can take li = xi. This contradicts the fact that r > 2 is 
maintained. 

• r = 1. 

Notice that / has a term c'xlx2 with c' G K* . If s = 0, then / — c'x2 € 



iir[xi], which contradicts detHf 7^ 0. Thus s > 1. By i) of theorem 2.5 
and the fact that / has (regular) degree greater than two, we have n = 3. 
If s = 1, then / — c"x3 e K[xi,X2] for some c" S K, which contradicts 
det-H/^0. Hence s > 2. 

Now increase w{x2) = w{x3) until /gets another term besides c'xlx2 (any 
term cxf of / will vanish). Such a term must be divisible by x^, a;2a;3 or 
a;§, and we will reach such a term because defHf ^ 0. Since the lea ding 



homogeneous part of / becomes 0x^x2, it follows from ii) of theorem 2.5 
that / does not get any term which is divisible by X3. Hence we obtain 
the case r > 2 above. 

r = 0._ 

Then / = cxf for some c G K* . Now increase ^(12) — ■ ■ ■ — w{xn) until 
/ gets another term besides cxf. If / becomes of the form gi{xi)xi + 
ff2(a;i)a;2 + ■ • ■ + gn{xi)xn, then < w{xi) < w{x2) = ■ • • = w{xn) tells us 
that gi{xi) = cx^^ , .92(2^1) = c'x\ and gn{xi) = c"x\ for some c^c'^c" S 
K and an s < d, and we can reach the above case r = 1 if we replace / 
by f{Tx) for a suitable T € GL„(i^). 

So assume that / does not reach the form gi{xi)xi + (72(2^1)2^2 + • • • + 



gn{xi)xn. By ii) of theorem 2.5 / € K[li, I2] for some linear forms ^1,^2 G 
K. Since cxf stays the unique term of highest (regular) degree of /, we 
may take li = Xi, and the degree with respect to I2 of / gets at least two 
because / did not become of the form 5'i(2:i)xi+52(2^i)2;2 + ' • •+5n(2;i)a;„. 
Hence we can reach the above case r > 2 if we replace / by f{Tx) for a 
suitable T e GL„(ii:). D 

Proof of example \2.4\ Take T € GL„(C) and define li — TiX for each i < n. 
Then 

f{Tx) = hh + thll + ih + hhf + l\{l + ^4) + (^5' + • • • + O 

Let {w{xi),w{x2), ■ ■ ■ jW^Xn)) G K" and assume that the Hessian determinant 
of the w-leading part of /(Ta::)|t=i is nonzero. We shall show that w{xi) = for 
all i < n. 



Let deg^ g denote the weighted degree of g with respect tow. If deg^, [hl"^) < 
deg^(/(Ta:)|t=i), then the w-leading part of f{Tx)\t=i is the same as that of 
f{Tx)\t=o, which contradicts that its Hessian determinant is nonzero. Thus 

degJhq)>deg^{fiTx)\t^,) (4) 

We distinguish five cases. 

. > deg„(;2). 

Thendeg^,(ZiZ2) > deg^(ZiZ|). Since /1/2 is the quadratic part of /(ra;)|t=i, 
we have a contradiction with Q. 

• < deg„(Z2) > deg„(;i). 

Then deg^,{Z^) > deg^{lil2)- Since I1I2+I2 is the cubic part of /(ra;)|4=i, 
we have a contradiction with Q. 



< deg^(/2) < deg^(;i) and deg^(Z3) > 0. 
I3) > ^egjhq). Since Ifl'^ 



Then deg^{lfll) > deg^{lil2)- Since Ifl^ is the part of degree six of 



f{Tx)\t=i, we have a contradiction with Q. 

< deg,,(/2) < deg^(/i) > deg^(?3) < 0. 
Then 



degjlf) > deg^ {Shgh + illhll + llll) = deg„ {{h + ^1/3)' - ll 



• 



Since l\ + iht^h is the part of degree four of /(rx)|t=i, we do not have 
Z3 in the w-leading part of f{Tx)\t=i. Contradiction. 

< deg^(Z2) < deg^^i) < deg„(?3) < 0. 

Then deg^(;i) = for each i < 3. If deg„(;4) > 0, then deg^{l\U) > 
deg^((?2 + ^i^3)^) and just as in the case above, we do not have Z3 in the w- 
leading part of f{Tx)\t=i. Thus deg^(Z4) < and similarly, deg^{li) < 
for all J > 5. 

Thus deg^(/i) < for all i, and consequently w{xi) < for all i as well. 
If there exists an i such that w{xi) < 0, then by deg^(/(rx)|t=i) = 
deg^(ZiZ2) = 0, we do not have Xi in the w-leading part of /(ra;)|t=i. So 
'w{xi) = for all i, as desired. D 



Proof of theorem \2.6[ Let deg^ g denote the weighted degree of g with respect 
to w. We first show that degj„ f{Tx) = w{xi) + w{xn+i-i) for each i < n. So as- 
sume that there exists an z < n such that deg^, f(Tx) 7^ w{xi) + w{xn+i-i) ■ We 
assume that deg^ f{Tx) > w{xi) + w{xn+i-i), because the case deg„, f{Tx) < 
w{xi) + w{xn+i-i) is similar (even slightly easier). 

Notice that deg„, /(Tx) > deg^{xiXn+i-i)- Since w{xi) < w{x2) < ••• < 
w{xi), we have deg^ f{Tx) > deg^{xjXk) for all j < i and all k < n + I ~ i. 
It follows that the w-leading part / of f{Tx) has no terms of the form cXjX^, 
with c € K* , j < i and k < n + 1 — i. Therefore, the entries of the rectangular 
submatrix of "H/ consisting of rows l,2,...,n + l — i and columns 1,2, ... ,i have 
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trivial constant parts. The dimensions of this submatrix add up to n + 1, which 
contradicts that detT-lf has a nontrivial constant part. Thus deg^ f{Tx) = 
'w{xi) + w[xn+i-i) for each i < n. 

In order to prove that under the given conditions, we can choose T as in i) of 



theorem 2.1 assume next that < w{xi) and choose i' +j' as large as possible, 
such that^ -g^f{Tx) ^ 0. If i' +/ < n + 1, then T is of the desired form, so 

suppose that i'+j' > n+1. Assume without loss of generality that i' < j'. Then 
j'>i>n + l — j' and deg^ f{Tx) > w{xi') + w{xj') > w{xn+i-j') + w{xji) = 
deg^ f(Tx), whence wixn+i-j') = w{xi'). Now take i,j < n maximal, such 
that 'w{xn+i-j) = w(a:„+i_j/) = w{xi>) = w{xi). Then i > i', j > j' , and 
w{xn+i-i) = deg„ I{Tx) - w{xi) = deg^ I{Tx) - w{xn+i-j) = w{xj). 

Thus w(xn+i-j) = w{xi) and w{xn+i^i) — w(xj). It follows that entries of 
the square submatrix M of 'H{f{Tx)) consisting of rows n + 1 — i, . . . , j — 1, j 
and columns n + 1 — j, . . . ,i — l,i are constant. One can call M an anti- minor 
matrix (in analogy to a principal minor matrix), because the anti-diagonal of 
M lies on the anti-diagonal of H(,f{Tx)) (instead of that the principal diagonal 
of M lies on the principle diagonal of H{f{Tx))). 

Due to the maximality of j, the entries of the submatrix M^ of H{f{Tx)) 
consisting of rows j + 1, . . . ,n — l,n and columns n + I — j, . . . ,i — l,i are all 
zero. Let M+ be the submatrix of T-L{f{Tx)) consisting of rows 1, 2, . . . , n — i 
and columns n -I- 1 — j, . . . , i — 1, z. Then the matrices Af +, M, M~ together 
stack up to columns rt + 1 — j, . . . , z — 1, i of H{f{Tx)). 

Write /„_j and In-j for the identity matrix of size n—i and n—j respectively. 
Put m := i + j — n and write 1 for the matrix of size m x m with ones on the 
anti-diagonal and zeroes elsewhere. 

It suffices to show that we can reduce the number of nonzero entries below 
the diagonal by linear transformation, because after that we can repeat reducing 
until all nonzero entries below the diagonal are gone. We distinguish two cases. 

• i > n/2. 

Then w{xi) > w{xn^i^i), and we have 'w{xj) > w{xn+i-j) = w{xi) > 
w{xn+i-i) — w{xj). It follows that i = j, M is principal as a minor 



matrix, and 



deg,^„/,j,...,,^„/,^^,/(Ta;) 



thus we may assume that K is algebraically closed. Since M~ = 
and additionally entries at the right of the submatrices M and M~ in 
H{f{Tx)) arc zero, the condition det'H(/(rx)) ^ tells us that M has 
full rank, just like 1™. Hence there exist T*,T' E GL„i{K) such that 

{T*YMT* = im = iT'y\'"r. 

Let A(B B denote the block-diagonal matrix with blocks A and B. By pi 
and M^ = = (M~)*, we can see as follows that the Hessian of 

f{T{I^^J(S{T*iT')-')(SIn-^)x) 

has less nonzero entries below the anti-diagonal than Hf{Tx). Namely, if 
we replace f{Tx) by the above, then M becomes 1 as a minor matrix. 
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M~ and (M~)* stay zero as submatrices, M+ and (M"*")* lie above the 
anti-diagonal as submatrices, and the rest of 'Hf{Tx) is only affected by 
substitutions due to the resemblance of In-j © (T*(T')^^) © In-i and /„. 

• i < n/2. 

Notice that M and M* lie below and above the principal diagonal as 
submatrices respectively. Just as in the previous case, M can only have 
full rank. Again by ([2| and M^ = = (Af~)*, we can see as follows that 
the Hessian of 

f{T{ln_j (S {M'^t") (B In-^)x) 

has less nonzero entries below the anti-diagonal than 7if{Tx). Namely, 
if we replace f{Tx) by the above, then M and Af* become 1™ as minor 
matrices, M^ and (Af~)* stay zero as submatrices, M+ and (M+)' lie 
above the anti-diagonal as submatrices, and the rest of 'Hf{Tx) is only 
affected by substitutions due to the resemblance of In-j © (M"-^!"*) © J„_ j 
and /„. n 

4 Anisotropic polynomials 



The second claim in ii) of the main theorem, theorem 2.1 is that the quadratic 
part of / is so-called isotropic over K in case 2 < n < i < d. The opposite 
of isotropic is anisotropic. Below, the definition of anisotropic is generalized 
somewhat. 

Definition 4.1. Let K he a. field of characteristic zero and / e K[x\ = 
K[xi,X2, ■ ■ ■ , Xn] ■ We say that / is anisotropic over K at X G K" if the quadratic 
part of f{x + A) is anisotropic over K, i.e. does not vanish on K" \ {0}", or 
equivalently, jjl^Hii ^ for all /i G K"^ \ {0}", where 

H = (H(/U=.+a))L^o = ((H/)U=.+a)L^o = (H/)U=A 

In the following theorem, the cases n < 3 and iiT = M are distinguished. The 
first case follows from our techniques, while the second case follows from the 
result by Pogorelov in |Pog| , which was mentioned in the introduction. 

Theorem 4.2. Let K be a field of characteristic zero and f € K[x] = K[xi, X2, 
. . . , Xn] such that det "Hf € K* and f is anisotropic over K at X for some 
Ae iC". Ifn< 3orK = R, thendegf = 2. 

Proof. By assumption, the quadratic part of f{x + A) does not vanish on K" \ 
{0}". Hence deg/ = deg/(a; + A) = 2 on account of ii) of theorem 2.1 in case 
n < 3. So assume that i^ = M. 

Take v e M" \ {0}" arbitrary From [Si3 Cor. 3.3.1], it follows that there 
exists a Ti/ e GO„(M) such that 
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is diagonal. Hence all eigenvalues of {'Hf)\x=i^, which are the same as those of 
Tl{}if)\x=uTv, are real. Furthermore, the eigenvalues of {^f)\x=\ all have the 
same sign, because fj.*Tl{nf)\x=xTxtJ- y^ holds for all /z £ K" \ {0}" as weh 
as ^J^^{Hf)\x=\^J■ = 0, which is satisfied by assumption. By replacing / by — / 
when necessary, we may assume that all eigenvalues of {T-Lf)\x=\ are positive. 

From defH/ G W and [513 Th. 3.1.2], it follows that all eigenvalues of 
i^f)\x=v are positive. Hence all eigenvalues of T^{'Hf)\x=uTu are positive as 
well, and T^{'Hf)\x=i^Ti, is positive definite. Consequently, {'Hf)\x=v is positive 
definite as well. Since the main result of |Pog| tells us that deg/ = 2 in case 
detT-lf G M* and {'Hf)\x=i, is positive definite for all i' G M", the proof is 
complete. D 



A problem for which we do not know the answer, is whether theorem |4.2| holds 
for all fields K in all dimensions n. The following example is about a field that 
cannot be embedded into the reals. 

Example 4.3. Let / G Q(i)[a;] — Q(i)[a;i, a;2, . . . ,Xn] with quadratic part x^ + 
3x1 + ■ ■ ■ + {2n - l)xl. 

i) If detHf is formed by n consecutive digits of 120, then deg/ = 2. 

ii) xl + 3^2 + 5x3 + 10x1 = does not have any nontrivial solution over Q(i). 

Proof. Since 120 consists of 3 digits, the condition of i) implies n < 3. Hence i) 



follows from ii) and theorem 4.2 Notice that conversely, n < 3 and dcfH/ G 
Q(i) imply the condition of i). 
To prove ii), assume that 

cj + Scj + 54 + lOcj = 

for certain Cj G Q(i) which are not all zero. Assume without loss of generality 
that (ci, C2, C3, C4) is a primitive solution of x^ + 3x2 + 5x§ + 10x| — 0, i.e. 
Cj G Z[i] for each j and gcd{ci, €2,03,04} = 1 over Z[i]. The residue classes of 
(2 + i) in Z[i] can be represented by numbers of Z. Since 5 = (2 — i)(2 + i), we 
even have Z[i]/(2 + i) = F5. Let Cj be the element of F5 which corresponds to 
the residue class of Cj modulo (2 + i) for each j. 

Fromc^+3c^ + 5c§ + 10c| = 0, we obtain that cj + Scl = 0. But cf G {0,1,4} 
and 3c| G {0, 2, 3}, thus cf — 35^ = and 2 + i divides both ci and C2. Similarly, 
2 — i divides both ci and C2. So 5 | ci and 5 | C2, and we have 

ci + 2c^ + 5(|)' + 15(|)'=0 

which gives 5 | C3 and 5 | C4 in a similar manner as cf + 3c\ + 5c§ + lOcI = 
gave 5 I ci and 5 | C2. This contradicts gcdjci, €2,03,04} = 1. D 

Corollary 4.4. The Jacobian conjecture holds for gradient maps over the reals 
whose linear part is the identity map. More precisely, the corresponding Keller 
maps are translations. 
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Proof. Take K = M. and A = in theorem 4.2 and notice that the quadratic 
part of / is ^{x1 + Xj + • • • + .tJ;) in case the Unear part of V/ is the identity 
map. n 
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